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Abstract

We report on recent progress in the development of quantum Monte
Carlo methods including variational, diffusion and path integral Monte
Carlo. The basics of these methods are outlined together with descrip-
tions of trial functions, treatment of atomic cores and remaining prob-
lems such as fixed-node errors. The recent results for atoms, molecules,
clusters and extended systems are presented. The advantages, achieve-
ments and perspectives demonstrate that quantum Monte Carlo is
a very promising approach for calculating properties of many-body
quantum systems.



1 Introduction

This review is a brief update of the recent progress in the attempt to cal-
culate properties of atoms and molecules by stochastic methods which go
under the general name of quantum Monte Carlo (QMC). Below we will dis-
tinguish between basic variants of QMC: variational Monte Carlo (VMC),
diffusion Monte Carlo (DMC), Green’s function Monte Carlo (GFMC) and
path integral Monte Carlo (PIMC).

The motivation for using these methods to calculate electronic structure,
as opposed to methods of expanding the wave function in a basis, arises from
considerations of the computational complexity of “solving” the Schrodinger
equation for systems of many electrons. By the complexity we simply mean
the systematic answer to the question: “How long does it take to compute
some property of a system to some specified absolute error?” So the com-
plexity is the study of the function: T'(e,...) where T'is the needed computer
time and € is the error. The absolute magnitude of T" depends. of course,
on such features as the type of computer, the compiler and the skill of the
programmer which are hard to specify systematically. But the basic scaling
of T" with the required error, with the number of electrons and with the type
of molecule should be independent of such details.

The error ¢ in this expression must be the “true” error, i.e. all the system-
atic and statistical errors. Uncontrolled approximations cannot be allowed,
otherwise the complexity problem is not well-posed. Chemistry is unique
in that first, there is a well tested, virtually exact theory (the Schrodinger
equation) and second, the mean-field estimates of chemical energies are often
surprisingly accurate. Unfortunately, very accurate estimates are required to
provide input to real world chemistry since much of the interesting chemistry
takes place at room temperature. Currently, the level of “chemical accuracy”
is considered to be &~ 1 kcal/mol. However, in many cases higher accuracy
is necessary, €.g., to calculate energy differences (say between two isomers,
energy levels, or a binding energy) to better than room temperature requires
an error of ¢ <100 K ~ 0.01 eV ~ 0.35 mH ~ 0.1 kcal/mol. Of course,
there are many phenomena for which even higher accuracy is required (e.g.,
superconductivity).

To obtain errors of 1 kcal/mol or better, it is essential to treat many-
body effects accurately and, we believe, directly. Although commonly used
methods such as the density functional theory within the local density ap-



proximation (LDA) or the generalized gradient approximation (GGA) may
get some properties correctly, it seems unlikely that they. in general, will ever
have the needed precision and robustness on a wide variety of molecules. On
the other hand, methods which rely on a complete representation of the
many-body wave function will take a computer time which is exponential
in the number of electrons. A typical example of such an approach is the
configuration interaction (CI) method which expands the wave function in
Slater determinants of one-body orbitals. Each time an atom is added to the
system, an additional number of molecular orbitals must be considered and
the total number of determinants to reach chemical accuracy is then multi-
plied by this factor. Hence, an exponential dependence of the computer time
on the number of atoms in the system results.

Simulation methods construct the wave function (or at positive temper-
ature the N-body density matrix) by sampling it and therefore they do not
need its value everywhere. The complexity then usually has a power-law de-
pendence on the number of particles, 7' oc N°, where the exponent typically
ranges from 1 < ¢ < 4, depending on the algorithm and the property. The
price to be paid is that there is a statistical error which decays only as the
square root of the computer time so that 7" oc €72,

Recently, very accurate QMC calculations have been reported on few
electron systems with H, He and Li atoms and on many-electron systems in
the jellium model. QMC results are rapidly approaching chemical accuracy
on much more complicated systems such as clusters of carbon and silicon,
so the method is quickly becoming of practical importance. This progress
is coming about through improvements in methods (for example, the use of
pseudopotentials and fermion path integral methods), programming advances
(interfacing to standard chemistry packages for building high quality trial
wave functions) and advances in computer hardware (parallel computation).

We do not mean to imply that QMC has been rigorously shown to have
a more favorable complexity; this is the crux of the infamous fermion sign
problem of QMC that we will discuss later in this article. Rather we will argue
that QMC has a number of desirable features which, even if the fermion sign
problem is not solved, imply the method will still be useful:

e QMC has a favorable scaling with the size of the system with compu-
tational demands growing as ~ N?®.

e One can introduce thermal effects naturally. both for electrons and ions
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